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============

Nowadays the fields of quantum information processing and machine learning are coming together leading to the emergence of quantum machine learning \[[@CR1], [@CR2]\]. This area can be broadly divided into three, depending whether the data, algorithms or both are of quantum or classical nature. In this work we are interested in the case of quantum data being processed by a classical algorithm. The natural question arises: how this data should be represented and loaded into our algorithm? To be more precise, we are interested how to represent quantum channels in a succinct manner so that it can be an input into a classical neural network.
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Consider a following setup. We are given a black box which is said to contain, with equal probability, either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi $$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi $$\end{document}$. What is the probability of guessing which of these is in the box if we are allowed to use the box only once? Turns out that this probability *p* is connected with the distance between $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p = \frac{1}{2} + \frac{1}{4} \Vert \varPhi - \varPsi \Vert _\diamond . \end{aligned}$$\end{document}$$However the explicit form of the diamond norm contains an optimization over all input matrices *X*. In principle this can be solved via semidefinite programming, but regrettably this quickly becomes intractable with the growing dimension of the input matrix. That is why it would desirable to have the possibility to train a classical algorithm, like a neural network, on a relatively small set of quantum channels and have the ability to quickly approximate the distance between arbitrary channels utilizing this network.

That is why this paper aims at finding an optimal representation of quantum channels for the purposes of machine learning. By *optimal* we understand the lowest possible number of real parameters needed to define a quantum channel \[[@CR4]\]. Further, we would like this representation to be technically usable so that we could train, for instance, neural networks to approximate functions of this objects. This approach could provide a large speed boost in the problem of quantum channel discrimination \[[@CR3], [@CR5]\].

Our work is naturally divided into three parts. In the first part we show the mathematical structures needed to find the optimal representation. This involves dealing with cones of positive semidefinite matrices. The second part we present the example of whereas the last part presents the implementation of this example in the Julia language. This implementation is now a part of the QuantumInformation.jl \[[@CR6], [@CR7]\] numerical library available on-line at <https://github.com/iitis/QuantumInformation.jl>. Surprisingly, despite the complex mathematical structure and quite technical proofs, the implementation is relatively simple and therefore useful.

Mathematical Framework {#Sec2}
======================

Quantum Channels {#Sec3}
----------------
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Base of Hermiticity Preserving Maps {#Sec5}
-----------------------------------
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### Fact 1 {#FPar2}
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The proof of this fact is presented in Appendix [B](#Sec9){ref-type="sec"}.
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### Fact 3 {#FPar4}
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We are ready to establish the main result of our work.

### Theorem 2 {#FPar5}
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The proof of this theorem is presented in Appendix [C](#Sec10){ref-type="sec"}.

Combining Theorem [2](#FPar5){ref-type="sec"} with Fact [1](#FPar2){ref-type="sec"} we obtain the following corollary.

### Corollary 1 {#FPar6}
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Example {#Sec6}
=======

In this section we present how one can use the Julia language and QuantumInformation.jl library in order express quantum channels as vectors in the space $\documentclass[12pt]{minimal}
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The explicit code of implementation in Julia language is presented in Appendix [D](#Sec11){ref-type="sec"}.

Conclusion {#Sec7}
==========

In this work we find a matrix basis for quantum channels and provide strict mathematical proofs supporting our result. This basis allows us to reduce the dimensionality of the matrix which represents a quantum channel. This, in turn, allows us to speed up computation of a class of functions of these channels, which is applicable in, for instance, the study of quantum channel discrimination. Our analytical results are accompanied by functions written in the Julia language which decompose a given quantum channel in our basis. This implementation is now a part of the QuantumInformation.jl package \[[@CR6], [@CR7]\].

A Proof of Theorem [1](#FPar1){ref-type="sec"} {#Sec8}
==============================================

Proof {#FPar7}
-----
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